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ABSTRACT

In this paper, we introduce a new class of harmonic univalent functions defined by modified Cata; s operator. Coefficient
estimates, extreme points, distortion bounds and convex combination for functions belonging to this class are obtained and

also for a class preserving integral operator.2000 Mathematics Subject Classification: 30C45.
KEYWORDS: Harmonic Univalent Functions, Cata; S Operator, Extreme Points.
1. INTRODUCTION

A continuous complex-valued function f = u+iv is defined in a simply connected complex domain D is said to be harmonic

in D if both u and v are real harmonic in D. In any simply connected domain we can write
f=h+g(L.1)

where h and g are analytic in D. We call h the analytic part and g the co-analytic part of f. A necessary and su¢

cient condition for f to be locally univalent and sense-preserving in D is that | h'(z) |> | 9'(2) |> in D (see [5]).

Denote by Sy the class of functions f of the form (1.1) that are harmonic univalent and sense-preserving in the unit
disk

U={z:|z| <1}
for which
f(0) =1£,(0) 1 =0.
Then for f=h + g Sy we may express the analytic functions h and g as
h(2) =2+ Yip a2 5 82) = Tiey by 27, [by] < 1(12)

In [5] Clunie and Shell-Small investigated the class SH as well as its geometric classes and obtained some

coefficicient bounds. Since then, there have been several related papers on S and its classes.
Let SH denote the pclasses of SH consisting of functions f=h + g such that h and g given by
h(z)=z+30 ra, 2" ; 8(2) = E3-1(1)™by, 2", [by| < 1: (1.3)

Form € Ny=N U {0}
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N = {l, 2,...},u= 0 and 1 > 0; the extended multiplier transformation I m (u;l) is defined by the following

infinite series (see [2]):
Ny, f(z) =z + Zif:z[@]lan o (1.4)
It follows from (1.4) that (see [2])
nz(1*(, 1)) = al2( Df(2) adl (g, DE2)-(1- p+ DI*(, DF(z) (> 0) and
™1 (u, D(1™2 (y, DE(z)) = [M2¥m2(y, Df(z) = 1™2 (g, D™ (g, 1) f(z)) for all integers m1 and m2:
We note that: 10 (u,)f(z) = f(z) and 11 (1; 0)f(z) = zf(z):
Also, we can write

I (u, Dfz) = (@) * N(2);

where
(@ D) = 3z, 20Dy
Now we can deOne the modified Cata’s operator as follows:
[(m, p,1) f{z) =11 (1) h(z) + (-Dm [T (1, Hg(z) (1.5)
where

Il(u’ a)h(z) =z+ Zorf:z[a+u:1_1)]13n Zn
and
(1, 0h(z) = (-Dm + yor_ (@1

For 1 <y < 2 and for all z €U; let SI'(y, {) denote the family of harmonic functions f(z) = h + g; where h and g
given by (1.2) and satisfying the analytic criterion

Re {_ M@bhr@+ED™ W@ } <y: (1.6)

z

Let §/m (u, 1) be the subclass of consisting of functions ' = h + g such that h and g given by (1.3).
We note that for suitable choices of m; u, and [; we obtain the following subclasses:

(1) Putting y =1and1=0; in (1.6), the class

modified Salagean operator (see [7]), the differential opertor Dm was introduced by Salagean (see [8]);

(2) Putting =1 and 1 = 1; in (1.6), the class S[m(1,1,y) reduces to the class reduces to the class Sim (y) ={ fe

SuRe
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where [™ is the modified Uralegaddi-Somanatha operator (see [9]), deOned as follows:
[ mf(z) = I mh(z) + (=1)m (D™g(z)

(3) Putting p = 1; in(1.6), the class §ym (1,1, y) reduces to the class

St (Ly) =t fe SHRelf“h(zH(—?mW‘@} <y;l<y<2;mezZ={0,+1+2+3+-......2€e U}

where I m 1is the modified Cho-Kim operator [3] (also see [4] ), defined as follows: [ *h(z) + (—1)™ (D™g(z)

(4) Putting 1 = 0; in(1.6), the class S[m (1, y) reduces to the class

where Dy is the modified Al-Oboudi operator (see [1]), deOned as follows:
D{f(z2)=Dh(z) + (1)m DIMg(z): -
2. COEFFICIENT ESTIMATES

Unless otherwise mentioned, we shall assume in the reminder of this paper that, the parameters 1<y <2; m € N, and | >

0:
Theorem 1:

Let f=h + g be so that h (z) and g (z) given by (1.2). Furthermore,
1o Sis FHEI™ fanl + Eiy [ by < v~ 1R
Then f (z) is sense-preserving, harmonic univalent in U and f (z) € SIm ((, 1:y). Proof.

If z1 #2z2; then

f(z1)—1f(z2)
h(z1)-h(zz)

>=1-

Yoz 1bn(z]-23)

(21 -28)+ZqL: b (2] -23)

>1- Z;o=1 n|bn|
1‘2??:2 n|by|

> 1 _ [a+u‘(xn—1)]1

S Ibal
a+p(n—1).9
] lag|

y-1 n

which proves univalence. Note that f (z) is sense-preserving in U. This is because
W@ =1 -Zionlag| [z

>1 - ¥nzanlay]

- [a+u(n—1)]1
ZEOZZY‘XT |bn| = Z]?:Z nlanl

> 1
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oo ra+p(n-1) 1 ©

> ) g loal 2 ) i
n=1 n=1

> nlagl 2]
n=1

> |g' ()]

Now we will show that f (z) € SIm(p; 1; y). We only need to show that if (2.1) holds then the condition (1.6) is
satisfied.

Using the fact that Re {w} <if and only if |[w — 1| < |w — (2y — 1)| itis suffices to show that

L
Z
1™ (Dh(z)+(- D™ (uDg(z) |
. 2y-1
<1:
We have
™ @DR@+ D™ WD @ _ 4 |
Z
™ (WDh(2)+(-D™ WDg (@) |
. Qy-1
= 2;0=2°(+Ll‘(x“—l)]manzn—1+Z%0=1“+fo“—1)]mm |
VA
(Zy_l)+2;°=2W]manzn—l+zﬁw=lwlmaﬁﬁ
o O m g 0140 DDy mi, =T 7o 2O imy on-1y 500 SHMO-Limp =T
< z — - 2 —————=<1
@y-D+E5, O mg  zn-1 4550 SHA-Dmp TEA=T] T (2y-1) 455, O Dmy, on-1y 50 CHUO-Dimp, 61

which is bounded above by 1 by using (2.1). This completes the proof of Theorem 1.

Theorem 2. A function f(z) of the form (1.1) is in the class ST™(y; 1; y). if and only if
o -1 o -1 1
Tisg FREEm ja, | + Zi, RO b, | <Y - 1

Proof. Since ST™(p; 1; y)cSIm(y; 1; y), we only need to prove the "only if" part of this theorem. To this end , for

functions f(z) of the formSubclass of Harmonic Univalent Functions Defined by Modified Catais Operator

m S LY OLO))
Re {1 h(z)+(-1)™ (I)mg(z)} <y

z

is equivalent to
w a+un-1) - o atp(n-1) o
Re {anz T]m anZn ! + Zn:l T]mbn zh1 }

o atp@m-1) - o atp(n-1) =T
< Zn:zT]manZn ! + Zn:l—]mbn zh1
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250,y 01y SO Dymip T <y

Z

<1+

Letting z — 1~along the real axis, we obtain the inequality (2.1). This completes the proof of Theorem Theorem

2. {1].

3. DISTORTION THEOREM

Theorem 3:

Let the function f(z) defined by (1.1) belong to the class SIm(y; 1; y). Then for |z |=r < I;we have

(I-|p,Pr [L]m (y—1-|b)r2< |f(2)]

a+p

<(I +|by]r +[§u]m (y—=1—|by])r2< |f(2) |((3.1)

for |b;| <y —1:
The results are sharp with equality for the functions f(z) defined by

f(z)=z+blz -[L]m (y—1-|by])z-2(3.2) and f(z) =z - blZ -[L]m (y—1—|bs])z-2(3.3)
o+ o+
Proof. We only prove the right-hand inequality. The proof for the left-hand inequality is similar and will be omitted.

Let f(z) € SI™ (y; 1; y). Taking the absolute value of we have
If(z)] < - b, Pr +Zila(lanl + [byl) m

<L -y Pt +Zia(lan] + [byl) 12

=(1 +|by|) r + G=D@" 1o ()™ (a+)™ 2
(a+™ Zn=2 ((Y—l)(a)‘“ lan] + y-D(@™ lbnl) r

+ @-D@" w0 ((a+pm-1)T
<(I +|b)r + =D anz(a u(n-1)

((X+P-(l’l—1))m | |) r2
(a+pm™ y-D (@™ n

lanl + = S om

<(1 +]by )T + G=DE@™ (1 + Ibal)r2
(at+p)m y-1

(I +]br +_@" (y—1+b;r?

(at+pm
Similarly we can prove fZ)] = (v =1 + |byr — (@™ (y —1 +|b;|)r? The functions f(z) given by (3.2) and
= 1 (atwm
(3.3), respectively, for jb1j 1 show that the bounds given in Theorem 3 are sharp.Extreme points
Theorem 4:
Let f (z) be given by (1.1). Then f(z) eSIm(y; I; y). if and only if
f(2) = XiZ1(inhn (2) + Nngn(2)) m (4.1)

where hl(z) = z;
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hn(z) =z + [ o ]m(y—l)zn (n=>2:m e Ny(4.2)
o+p(n—-1)

and

gn(z)=z+ (—1)™ [ « ]’“ (y—1)z" (n=2:m € Ny((4.3)
o+p(n—-1)

Uy = 0,1, = 0,5 X2, (y + ny)= 1: In particular, the extreme points of theclass SIm(y; 1; y)are {h,}and {g,}
respectively.
5. CONVOLUTION AND CONVEX COMBINATION

For our next theorem, we need to define the convolution of two harmonic functions. For harmonic functions of the

form:
£(2) = 2+ T lanlz™ + Ti by 27 (5.1) and
F(2) =2+ T Anlz" + BBy 27 (5.2)
the convolution of f and F is given by

(f*F) (z2) = (2) *F (2) =z ++ ¥ |anA, 12" + Y2 1|a, By |z (5.3) Using this definition, the next theorem shows

that the class B, is closed under convolution. Theorem 5:
For 1 <y < A < 2;let STm(y; I; y)where f (z) is given by (5.1) and
Fe SIm(y; 1; y)where F (2) is given by (5.2). Then SIm(y; I; v)  SIm(y; 1; y)
Theorem 6:
The class ST™(u; 1; y) is closed under convex combination
6. AFAMILY OF INTEGRAL OPERATORS
Theorem 7:

Let the function f (z) defined by (1.1) be in the class ST™(u; 1; ) and let ¢ be a real number such that ¢ > -1: Then the
function F (z) defined by

=c+1 rZ_ c—1 + 1 — > . <im(s- 1
F(2) = fo tc-1h(t) dt % foz te=1 h (t) dt (c>1) (6.1) also belongs to the class ST™(u; 1; y)

Remark 2:

Specializing the parameters 1; and m, in the above results, we obtain the corresponding results for the corresponding classes

de Oned in the introduction.
REFERENCES

1. Syed Quadir Moinuddin, Abhay Sharma, “TWIN-WIRE GMAW PROCESS”, (January 2019).
2. P Kah, M Shrestha, E Hiltunen and J Martikainen, “Robotic arc welding sensors and programming in

industrial applications”, (2015).

NAAS Rating: 2.73 — Articles can be sent to editor@impactjournals.us




| Class of Harmonic Univalent Functions Defined by Modified Cata’s Operator 7]

3.

10.

11.

12.

13.

14.

15.

P Kah, M Shrestha, E Hiltunen and J Martikainen, “Robotic arc welding sensors and programming in
industrial applications”, (2015).

Morteza Ghobakhloo, Weria Khaksar, Tang, “Robotic Welding Technology” , (February, 2018).

SHI Chuanwei, ZOU Yong, ZOU Zengda and WU Dongting, “Electromagnetic Characteristic of Twin-wire
Indirect Arc Welding”, (2015).

Case Study: One-of-a-Kind Cell for Vision-Guided Aerospace Assembly Application: Assembly, dispensing
Robot Model: Kawasaki R series general purpose robots.

F. M. Al-Oboudi, On univalent functions deOned by a generalized Sal ° agean ° operator, Internat. J. Math.
Math. Sci., 27 (2004), 1429-1436.

Catas, On certain classes of p-valent functions deOned by multiplier transformations. In: Proc. Book of the
International Symposium on Geometric Functions Theory and Applications, Istanbul, Turkey, (2007), 241-
250.

N. E. Cho and T. H. Kim, Multiplier transformations and strongly close-toconvex functions, Bull. Korean
Math. Soc., 40 (2003), no. 3, 399-410.

N. E. Cho and H. M. Srivastava, Argument estimates of certain analytic functions deOned by a class of
multiplier transformations, Math. Comput. Modelling, 37 (2003), no. 1-2, 39-49.

J. Clunie and T. Shell-Small, Harmonic univalent functions, Ann. Acad. Sci. Fenn. Ser. A. 1. Math., 9, (1984),
3- MOSTAFA, AOUF, SHAMANDY, ADWAN - Subclass of Harmonic Univalent Functions DeOned by
ModiOed Catais Operator

K. K. Dixit and S. Porwal, A subclass of harmonic univalent functions with positive cooe¢ cents, Tamkang J.
Math., 41 (2010), no. 3, 261-269.

J. M. Jahangiri, G. Murugusundaramoorthy and K. Vijaya, Salagean type harmonic univalent functions,
Southwest J. Pure Appl. Math., 2 (2002), 77-82.

G. S. Salagean, Subclasses of univalent functions, Complex Analysis, Lecture Notes in Math. (Springer-
Verlag ), 1013 (1983), 362-372.

Uralegaddi and C. Somanatha, Certain classes of univalent functions, in: H.M. Srivastava and S. Owa (Eds.),
Current Topics in Analytic Function Theory, World ScientiOc Publishing Company, Singaporr, New Jersey,
London, Hong Kong, 1992, 371-374

Impact Factor(JCC): 6.4687 — This article can be downloaded from www.impactjournals.us










